Abstract. Let k be a number field. Building on results of Yonqi Liang, of Evis Ieronymou, and of our own, we relate the arithmetic of rational points over finite extensions of k to that of zerocycles over k for any variety X/k that is a finite product of Kummer varieties, K3 surfaces, and smooth projective geometrically rationally connected varieties over k. For example, we show that for such X = n i=1 X i , if the Brauer-Manin obstruction is the only obstruction to the existence of rational points on X i over all finite extensions of k for each i = 1, ..., n, then the Brauer-Manin obstruction is the only obstruction to the existence of a zero-cycle of degree 1 on X.
Introduction
Let k be a number field with a fixed algebraic closure k. For a smooth, proper, geometrically integral variety X over k, we let Br X := H 2 et (X, G m ) be the Brauer group of X. Recall that the Brauer-Manin pairing (cf. [Man71] , [Sko01] )
on the adelic points of X can be extended (using the corestriction map) to a pairing
Br X is the set of adelic 0-cycles of degree δ on X. We can define the sets X(A k ) Br X and Z δ 0 (X A k ) Br X as the left kernels, respectively, of the above two pairings; one checks that X(k) ⊂ X(A k )
Br X and Z δ 0 (X) ⊂ Z δ 0 (X A k ) Br X , where X(k) is the set of k-rational points on X and Z δ 0 (X) is the set of 0-cycles of degree δ on X. If {X ω } ω is a family of varieties over k, we say that the Brauer-Manin obstruction to the existence of k-rational points is the only one for {X ω } ω if X(A k )
Br X = ∅ implies X(k) = ∅, for any X ∈ {X ω } ω . Similarly, we say that the Brauer-Manin obstruction to the existence of 0-cycles of degree δ is the only one for
Other versions of the above constructions and definitions can be obtained by replacing the full Brauer group Br X with any subset B ⊂ Br X. A case of interest for us is when B = Br X{2} is the 2-primary part of the Brauer group.
Our main motivation comes from the following conjecture (stated here for the Hasse principle only, and not in full generality), which predicts that the Brauer-Manin obstruction controls the existence of 0-cycles of degree 1 on smooth, projective, geometrically integral varieties over k. [CT95] ). Let {X ω } ω be the family of all smooth, projective, geometrically integral varieties over k. Then the Brauer-Manin obstruction to the existence of 0-cycles of degree 1 is the only one for all X ∈ {X ω } ω .
Remark 1.2. The above conjecture is false if we just consider rational points and not 0-cycles of degree 1: see e.g. [Sko99] and [Poo10] .
In our recent paper [BN18] , for the class of Kummer varieties (of all dimensions) over k we related, via the Brauer-Manin obstruction, the arithmetic of rational points over finite extensions of k to that of 0-cycles over k, thus extending a result by Liang (see [Lia13, Thm 3.2.1]). Contemporarily (and independently of us), in [Ier18] Ieronymou extended Liang's result to the class of K3 surfaces over k. The main goal of the present paper is to generalise these two results to arbitrary finite products of Kummer varieties, K3 surfaces, and smooth, projective, geometrically rationally connected varieties. For convenience, we briefly recall the definition of Kummer varieties that we will use (and that differs slightly from some other definitions in the literature). and induces involutions ι on V andι onṼ whose fixed point sets are T and the exceptional divisor, respectively. The quotientṼ /ι is geometrically isomorphic to the Kummer variety KumA, so in particular it is smooth. We call KumV :=Ṽ /ι the Kummer variety associated to V (or T ). A Kummer variety of dimension 2 is called a Kummer surface. Definition 1.4. We denote by K k,g the family of Kummer varieties over k of dimension g and we let K k := g≥2 K k,g . We denote by K3 k the family of K3 surfaces over k. Note that K k,2 ⊂ K3 k . We denote by R k the family of all smooth, projective, geometrically integral, geometrically rationally connected varieties over k.
We are now ready to state our main result. Theorem 1.5. Let k be a number field. Let n ∈ Z >0 and let g i ∈ Z >1 for i = 1, ..., n. Let
.., n and let W := n i=1 X i . Let δ ∈ Z and assume that δ is odd if at least one of the X i is in K k,g for some g ≥ 3. If, for i = 1, ..., n, the Brauer-Manin obstruction is the only one for the existence of l-rational points on (X i ) l for all finite extensions l/k, then the Brauer-Manin obstruction is the only obstruction to the existence of a 0-cycle of degree δ on W . Remark 1.6. The product of two or more Kummer varieties is not, in general, a Kummer variety. Similarly, the product of two or more K3 surfaces is not a K3 surface. On the other hand, the product of two or more geometrically rationally connected varieties is again geometrically rationally connected.
In [Sko09] , Skorobogatov made the following conjecture (stated here not in its full generality): Conjecture 1.7 (Skorobogatov). The Brauer-Manin obstruction is the only one to the existence of rational points for the class K3 k of K3 surfaces over a number field k. Corollary 1.8. Let k be a number field. Let n ∈ Z >0 , let X i ∈ K3 k for all i = 1, ..., n and write
If Conjecture 1.7 is true, then the Brauer-Manin obstruction is the only obstruction to the existence of a 0-cycle of degree δ on W .
We also obtain a result that is conditional on both 1.7 and the following conjecture of ColliotThélène (see [CT03, p. 174] for the statement in its full generality): Conjecture 1.9 (Colliot-Thélène). The Brauer-Manin obstruction is the only one to the existence of rational points for the class R k of all smooth, projective, geometrically integral, geometrically rationally connected varieties over a number field k. Corollary 1.10. Let k be a number field. Let n ∈ Z >0 , let X i ∈ K3 k ∪ R k for all i = 1, ..., n and write W := n i=1 X i . Fix δ ∈ Z. If Conjectures 1.7 and 1.9 are true, then the Brauer-Manin obstruction is the only obstruction to the existence of a 0-cycle of degree δ on W .
It is natural to ask the following: Question 1.11. Is the Brauer-Manin obstruction is the only obstruction to the existence of rational points for the class K k of Kummer varieties over a number field k?
By [CV17, Thm 1.7], Question 1.11 is equivalent to asking whether the 2-primary BrauerManin obstruction is the only obstruction to the existence of rational points for the class K k of Kummer varieties over a number field k.
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Preliminary results on the Brauer group of products of varieties
We first need a finiteness result for the Brauer group of products of varieties.
Proposition 2.1. Let k be a number field and let X and Y be smooth, projective, geometrically integral varieties over k. Let l/k be a finite extension. If Br
and
Proof. By [SZ14, Cor 3.2(i)], Br(X × Y )
Γ l is finite since both Br X Γ l and Br Y Γ l are (by hypothesis). By using the natural injection
Moreover, by [SZ14, Remark 1.9], the cokernel of the natural map
is finite. Since l is a number field, The Hochschild-Serre spectral sequence Remark 2.3. By [SZ17] and [SZ08] , respectively, if X is a Kummer variety or a K3 surface over a number field k, then both Br X Γ l and Br 1 X l / Br 0 X l are finite. If X is geometrically rationally connected, then the finiteness of Br X is well-known and the finiteness of Br X l / Br 0 X l is an easy consequence of the Hochschild-Serre spectral sequence -see [Lia13, Prop 3.1.1], for example.
Lemma 2.4. Let k be a number field and let X and Y be smooth, projective, and geometrically integral varieties over k. Let l/k be a finite extension. Then for all d ∈ Z >0 ,
Proof. Note that both the assignments V → V (A l ) Br V {d} and V → V (A l ) Br V from the category of varieties over k to the category of sets are functorial. Hence, the result follows immediately by functoriality applied to the projections X × Y → X and X × Y → Y .
Remark 2.5. By induction on n, Lemma 2.4 holds for n i=1 X i , where the X i are smooth, projective, geometrically integral varieties over k.
Proof of the main theorem
We begin with a lemma that allows us to extend the base field without affecting the quotient of the Brauer group by the constant elements.
Lemma 3.1. If X ∈ R k , then there exists a finite extension F X /k such that for all finite extensions ℓ/k that are linearly disjoint from F X /k,
is an isomorphism. If X ∈ K k , then there exists a finite extension F X /k such that for all finite extensions ℓ/k of odd degree that are linearly disjoint from F X /k,
is an isomorphism. If X ∈ K3 k , then for all n ∈ Z >0 , there exists a finite extension F X,n such that for all finite extensions ℓ/k with [ℓ : k] ≤ n that are linearly disjoint from F X,n /k, Proof of Theorem 1.5. We follow closely the strategy of the proof of [Lia13, Thm 3.2.1]. We give here just a sketch of the proof; the details can be easily filled by referring to Liang's paper [Lia13] .
(1) By considering the projection pr : W × P 1 k → W with section s : w → (w, u 0 ), where u 0 ∈ P 1 k (k) is some fixed rational point, it suffices to prove the following statement:
be a complete set of representatives for Br(W × P . . , n, let F X i be as in Lemma 3.1, with F X i := F X i ,∆ if X i ∈ K3 k , and let F = F X 1 . . . F Xn be the compositum.
